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Abstract
N -fold supersymmetry is an extension of the ordinary supersymmetry in one-dimensional quantum mechanics. One of its
major property is quasi-solvability, which means that energy eigenvalues can be obtained for a portion of the spectra. We show
that recently found type A N -fold supersymmetry can be constructed by using sl(2) algebra, which provides a basis for the
quasi-solvability. By this construction we find a condition for the type A N -fold supersymmetry which is less restrictive than
the condition known previously. Several explicitly known models are also examined in the light of this construction.
1. Introduction
One novel feature of supersymmetry is its nonrenor-
malization theorem [1,2]. The same is true [3] for
higher derivative extentions of supersymmetry [4–17].
In fact, this observation was crucial for identification
of a simple form ofN -fold supersymmetry, whose su-
percharges of N -fold supersymmetry are N th order
polynomials of the momentum. Namely, vanishing of
the leading Borel singularity of the perturbative se-
ries in a quartic potential model was found [18] by the
use of the valley method [19–26] and this motivated a
search for supersymmetry or its extension, which lead
to “N -fold supersymmetry” in Ref. [3]. Later it was
extended to a periodic and exponential potentials in
Ref. [27] and to a sextic potential in Ref. [28].
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The (extended) nonrenormalization theorem, which
applies to all of these models, states that the pertur-
bative corrections to a part of the spectrum are either
nonexistent, or are obtained in a closed form. When
N -fold supersymmetry is not spontaneously broken,
there is no nonperturbative corrections, and thus that
part of the spectra is exactly solved. This property has
also been known in literatures, quite independently
from the supersymmetry considerations, as “quasi-
exact solvability” [29–31]. When N -fold supersym-
metry is spontaneously broken, in general there are
nonperturbative corrections to energy eigenvalues and
we only know of the perturbative part. We dubbed this
property “quasi-perturbative solvability” [32].
Quasi-exact solvability is known to be connected
with the property that the Hamiltonian can be writ-
ten in terms of sl(2) generators [29]. In Ref. [3],
we made the same connection for the quartic po-
tential, which is only quasi-perturbatively solvable.
Similar connections were made for the sextic poten-
tial in Refs. [33,34] and for exponential potential in
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Ref. [35]. Through these works it became apparent
that all of the models, which can be classified as
type A [28], may be expressed in terms of the sl(2)
generators. The purpose of this Letter then is to make
the general connection between the type A N -fold su-
persymmetry and the sl(2) representations.
In the following, we first review N -fold supersym-
metry in general and the definition of the type A
N -fold supersymmetry in Section 2. The method to
construct N -fold supersymmetric models from quasi-
solvability is briefly reviewed in Section 3. Based on
these knowledge, we show that quasi-solvability natu-
rally leads to the sl(2) representations and show that
this leads to type A N -fold supersymmetry in Sec-
tion 4. Type A N -fold supersymmetric models which
can be written down explicitly are examined in Sec-
tion 5. A summary is given in Section 6.
2. N -fold supersymmetry and its type A subclass
We first present a concise definition of N -fold
supersymmetry and type A N -fold supersymmetry.
One-dimensional quantum mechanical model with
N -fold supersymmetry has one ordinary (bosonic)
coordinate q and fermionic coordinates ψ and ψ†,
which satisfy the following:
(2.1){ψ,ψ} = {ψ†,ψ†}= 0, {ψ,ψ†}= 1.
The Hamiltonian HN is given as follows,
(2.2)HN =H−Nψψ† +H+Nψ†ψ,
where H±N are ordinary Hamiltonians,
(2.3)H±N =
1
2
p2 + V ±N (q)
with p = −id/dq . The N -fold supercharges are
generically defined as
(2.4)QN = P †Nψ, Q†N = PNψ†,
where PN is an N th order polynomial of p,
PN =wN (q)pN +wN−1(q)pN−1 + · · ·
(2.5)+w1(q)p+w0(q).
The N -fold supersymmetry algebra is defined as
follows:
(2.6){QN ,QN } =
{
Q
†
N ,Q
†
N
}= 0,
(2.7)[QN ,HN ] =
[
Q
†
N ,HN
]= 0.
Among the above, the nilpotency (2.6) is guaranteed
by the property of the fermionic coordinates (2.1),
while the latter leads to
(2.8)PNH−N −H+NPN = 0,
and its conjugate, which are essentially N + 2 differ-
ential equations for the potentials V±N (q) and the co-
efficient functions wN ,...,0(q). Since there are N + 3
functions to be determined, one function remains
arbitrary. One may, for example, choose it one of
the potentials. Therefore, it may be said that any
ordinary (purely bosonic, nonsupersymmetric) one-
dimensional quantum model may be extended so that
it is a part of an N -fold supersymmetric system. This
does not mean that any one-dimensional system can
be even partially solved by means of nonrenormal-
ization theorem(s) of N -fold supersymmetry: the dif-
ferential equations that are obtained from Eq. (2.8)
are just as difficult to solve as Schrödinger equa-
tions.
The explicitly known models noted in the introduc-
tion are, in contrast, solvable: the N -fold supersym-
metric algebra (2.8) can be solved explicitly, and the
part of the spectra are solved. All these models belong
to type A N -fold supersymmetry, which is defined to
have the following form of the supercharge [28]:
PN =
(
D + i(N − 1)E(q))
(2.9)
× (D + i(N − 2)E(q)) · · · (D + iE(q))D,
where D ≡ p − iW(q). In Refs. [28,32], we showed,
by induction in N , that the algebra (2.8) is satisfied if
the following conditions are met:
(2.10)
V±N =
1
2
(
W 2 ±W ′)
+ N − 1
2
[
−EW + 2N − 1
6
E2 − N + 1
6
E′
±
(
W ′ − N
2
E′
)]
,
(2.11)
(
W˜ ′ +EW˜ )′′ −E(W˜ ′ +EW˜ )′ = 0 (for N  2),
(2.12)
(
E′ +E2)′′ −E(E′ +E2)′ = 0 (for N  3),
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where a prime denotes a derivative with respect to q
and
(2.13)W˜ (q)≡W(q)− N − 1
2
E(q).
3. Quasi-solvability andN -fold supersymmetry
N -fold supersymmetry allows alternative construc-
tion based on quasi-solvability [32]. Since this will be
a key for the sl(2) construction, we will briefly review
this aspect.
We first note that the pN+2-terms in the N -fold
supersymmetry algebra (2.8) trivially vanish. The
pN+1-terms yield wN (q)′ = 0. Therefore, we choose
that
(3.1)wN (q)= 1,
hereafter without losing generality. Then, the pN -
terms yield the following relation:
(3.2)V +N (q)= V −N (q)+ iwN−1(q)′.
Let us assume that an operator P(p,q), whose
highest order of p (when all p’s are moved to right
of all q’s) is N , has a nontrivial kernel V ≡ {φ(q) |
P(p,q)φ(q) = 0} of dimension N . Further let us
assume that there is a Hamiltonian H of the form,
(3.3)H = 1
2
p2 + V (q)
that maps the kernel V into itself:
(3.4)Hφ(q) ∈ V for any φ ∈ V .
Such a system is “quasi-solvable” [29–31], in the
sense that the energy eigenvalues are obtained in a
closed form for the part of the spectrum that is spanned
by the kernel. 1 This is because of the following: let
φn(q) (n = 1,2, . . . ,N ) be a basis of the kernel V .
Then, the above property (3.4) means that Hφn(q) is
given by a linear combination of φ1,...,N (q):
(3.5)Hφn(q)=
N∑
m=1
Sn,mφm(q).
1 We do not require that the equation P (p,q)φ(q) = 0 is
algebraically solvable for the system to be “quasi-solvable”. This
definition does not conflict with, e.g., the definition of “quasi-exact
solvability” in Ref. [31].
Therefore, by diagonalizing the N ×N matrix S, we
obtain the energy eigenvalues of N -states in a closed
form. 2
It is straightforward to show that existence of such a
Hamiltonian H that satisfy the property (3.4) implies
that the system is N -fold supersymmetric. This is
because of the following. Let us denote P(p,q) as
follows:
(3.6)P(p,q)= pN + cN−1(q)pN−1 + · · · + c0(q),
where we have chosen the coefficient function of pN
in P(p,q) equal to one, since it is irrelevant for the
definition of the kernel V . (Its form is also motivated
by the allowed choice (3.1).) We introduce another
Hamiltonian K as follows,
(3.7)K = 1
2
p2 + Y (q),
(3.8)Y (q)= V (q)+ icN−1(q)′.
It may be noted that the latter form is motivated by
Eq. (3.2). Then the operator G(p,q) ≡ P(p,q)H −
KP(p,q) contains only up to (N − 1)-powers of p,
by the same reason that lead to Eq. (3.2). It also
satisfies the following:
(3.9)G(p,q)φn = 0 for n= 1,2, . . . ,N .
Since G(p,q) is an (N − 1)th order differential op-
erator, it cannot nontrivially annihilateN independent
functions φ1,...,N (q). Therefore, the operator G(p,q)
is identically zero:
(3.10)P(p,q)H −KP(p,q)= 0.
If we identify PN = P , H−N = H , and H+N =K , the
above relation is equivalent to the N -fold supersym-
metry algebra (2.8).
The above argument shows that if we can construct
a Hamiltonian H and an operator P(p,q) that sat-
isfy the above quasi-solvability condition we have a
N -fold supersymmetric system. In the following, we
will carry out this construction for type A N -fold su-
persymmetry.
2 It should be noted that we did not require normalizability
for φi (q) in the above. Therefore, the normalizability of the
resulting eigenfunctions should be separately examined, especially
in connection with the perturbation theory [32].
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4. sl(2) construction
We first derive a simpler expression for PN of
type A N -fold supersymmetry (2.9). Let us first
introduce
(4.1)U(q)≡ e
∫ q
W(q ′) dq ′,
and transform PN as follows:
(4.2)UPNU−1 ≡ (−i)N P˜N .
This leads to the following expression:
P˜N =
(
d
dq
− (N − 1)E(q)
)
(4.3)
×
(
d
dq
− (N −2)E(q)
)
· · ·
(
d
dq
−E(q)
)
d
dq
.
Next we introduce a function h(q) defined by the
following:
(4.4)h(q)= c1
q∫
0
dq1 e
∫ q1
0 E(q2)dq2 + c2,
where c1,2 are constants. The above is a general
solution of the following differential equation:
(4.5)h′′(q)−E(q)h′(q)= 0.
We then find that P˜N may be written as follows:
(4.6)P˜N =
(
h′
)N( d
dh
)N
.
We, therefore, arrive at the following simple expres-
sion:
(4.7)PN = (−i)NU−1
(
h′
)N( d
dh
)N
U.
The form (4.7) of PN allows straightforward iden-
tification of the kernel V : the equations for its basis
{φ−1 , φ−2 , . . . , φ−N }:
(4.8)PNφ−n = 0,
can be simply solved as follows:
(4.9)φ−n = hn−1U−1 (n= 1,2, . . . ,N ).
Next we need to find a HamiltonianH−N that satisfy:
(4.10)PNH−Nφn = 0,
for n= 1,2, . . . ,N . By transforming the Hamiltonian
H−N by U as
(4.11)H−N =U−1H˜ −NU,
we find that the condition (4.10) may be written as
follows:
(4.12)
(
d
dh
)N
H˜ −N h
n−1 = 0,
for n = 1,2, . . . ,N . In the following, we will obtain
H˜ −N that satisfy the above as a function of h and d/dh,
noting that since H˜ −N contains second derivatives with
respect to q it contains second derivatives with respect
to h as well.
Evidently, arbitrary constants are allowed in H˜ −N
in Eq. (4.12). The operators with first derivative with
respect to h allowed in H˜ −N are given by the following:
(4.13)d
dh
, h
d
dh
, h2
d
dh
− (N − 1)h.
It should be noted that in case of N = 1, the above
is not the complete list of such operators, since any
operator of the form g(h)d/dh with an arbitrary
function g(h) is allowed. Therefore, the following
construction applies only for N  2.
All of the operators in the list (4.13), when com-
bined with constants, can be written in terms of sl(2)
generators, whose representation on anN -dimensional
space spanned by the basis (1, h,h2, . . . , hN−1) are
the following:
J+ ≡ h2 d
dh
− (N − 1)h,
(4.14)J 0 ≡ h d
dh
− N − 1
2
, J− ≡ d
dh
.
These generators satisfy the algebra,
(4.15)[J+, J−]=−2J 0, [J±, J 0]=∓J±
and form the following Casimir operator:
(4.16)1
2
(
J+J− + J−J+)− (J 0)2 =−1
4
(N 2 − 1).
Operators that contain second derivatives with re-
spect to h that satisfy Eq. (4.12) are only the follow-
ing:
(4.17)d
2
dh2
= (J−)2,
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(4.18)h d
2
dh2
= J 0J− + N − 1
2
J−,
(4.19)h2 d
2
dh2
= J+J− + (N − 1)J 0 + (N − 1)
2
2
,
h3
d2
dh2
− (N − 1)(N − 2)h
(4.20)= J+J 0 − 5 − 3N
2
J+,
h4
d2
dh2
− 2(N − 2)h3 d
dh
+ (N − 1)(N − 2)h2
(4.21)= (J+)2.
This time, the above list of the operators are complete
only forN  3, for which we restrict our construction.
From Eqs. (4.14)–(4.21), we find that the Hamiltonian
H˜ −N that satisfy the N -fold supersymmetric condi-
tion (4.12) can be always written in terms of the sl(2)
generators J+,0,− as follows:
(4.22)
H˜ −N =−
∑
i,j=+,0,−
ji
aij J
iJ j +
∑
i=+,0,−
biJ
i +C,
where aij , bi and C are constants.
The Hamiltonian H˜ −N (4.22) is written in terms of h
as follows:
(4.23)H˜ −N =−P4(h)
d2
dh2
+ P3(h) d
dh
+ P2(h),
where the coefficient functions P4,3,2(h) are:
P4(h)= a++h4 + a+0h3 + (a+− + a00)h2
(4.24)+ a0−h+ a−−,
P3(h)= 2(N − 2)a++h3 +
(
3N − 5
2
a+0 + b+
)
h2
+ ((N − 1)a+− + (N − 2)a00 + b0)h
(4.25)+ N − 1
2
a0− + b−,
P2(h)=−(N − 1)(N − 2)a++h2
− (N − 1)
(N − 1
2
a+0 + b+
)
h
(4.26)− (N − 1)
2
4
a00 − N − 12 b0 +C.
Transforming the Hamiltonian H˜ −N in Eq. (4.23) back
to the original Hamiltonian H−N by the U -transforma-
tion (4.11) and writing it in terms of the coordinate q ,
we find the following:
H−N =−
P4(h)
(h′)2
d2
dq2
+
[
P4(h)
(h′)2
(
−2W + h
′′
h′
)
+ P3(h)
h′
]
d
dq
− P4(h)
(h′)2
(
W ′ +W 2)+ P4(h)h′′
(h′)3
W
(4.27)+ P3(h)
h′
W +P2(h).
Comparing this with the regular form of the Hamil-
tonian (2.3), we find the following requirement for
h(q) from the d2/dq2 term:
(4.28)P4(h)= 12
(
h′
)2
,
which is also a requirement for E(q) through (4.4).
Similarly, from the d/dq term:
(4.29)P3(h)= h′
(
W − E
2
)
.
Finally, by the use of Eqs. (4.28), (4.29), the potential
V−N (q) is obtained as follows:
(4.30)V−N (q)=
1
2
(
W(q)2 −W(q)′)+ P2(h(q)).
The other potential V +N (q) may be obtained from
Eq. (3.2), or equivalently Eq. (3.8): since Eq. (4.7)
induces
PN = pN − iN W˜ (q)pN−1
(4.31)+ [terms with less powers of p],
we find that
(4.32)V+N (q)= V−N (q)+N W˜ (q)′.
We will now compare the sl(2) construction ex-
plained above with the previous results on type A
N -fold supersymmetry [28,32]. From Eq. (4.24) we
find the following identity:
(4.33)d
5P4
dh5
= 0.
On the other hand, using Eq. (4.5) repeatedly on the
expression of P4(h) in Eq. (4.28), we find that
0 = d
5P4
dh5
(4.34)
= 1
h′3
(
d
dq
− 2E
)[(
E′ +E2)′′ −E(E′ +E2)′],
H. Aoyama et al. / Physics Letters B 519 (2001) 260–268 265
which is a generalization of one of the type A
conditions (2.12). Eq. (4.34) maybe rewritten as,
(4.35)[(E
′ +E2)′′ −E(E′ +E2)′]′
(E′ +E2)′′ −E(E′ +E2)′ = 2E = 2
h′′
h′
,
which is integrated to yield that
(4.36)(E′ +E2)′′ −E(E′ +E2)′ = β1(h′)2,
where β1 is an integration constant. The above is
further integrated to yield the following:
(4.37)E′ +E2 = 1
2
β1h
2 + β2h+ β3,
where β2,3 are integration constants. Since we have
(4.38)d
2P4
dh2
=E′ +E2,
from Eq. (4.28), we find the following identification of
the constants:
(4.39)a++ = β14! , a+0 =
β2
3! .
Similarly to Eq. (4.34), we can obtain the following:
0 =−N − 2
2
d4P4
dh4
+ d
3P3
dh3
(4.40)= 1
h′2
[(
W˜ ′ +EW˜)′′ −E(W˜ ′ +EW˜)′],
which is exactly one of the type A conditions (2.11).
This equation is integrated to give the following:
(4.41)W˜ ′ +EW˜ = β4h+ β5,
where β4,5 are integration constants. By comparing the
above and
(4.42)dP3
dh
= (W˜ ′ +EW˜)+ N − 2
2
(
E′ +E2),
we find the following identification:
(4.43)b+ = 12 β4 −
1
12
β2.
Using Eqs. (4.39) and (4.43), we can obtain the
following expression of P2(h) in terms of E(q) and
W(q):
P2(h)=−N − 12
[N − 2
6
(
E′ +E2)+ (W˜ ′ +EW˜ )]
(4.44)+ constants,
which, together with Eqs. (4.30) and (4.32), repro-
duces the potentials V ±N (q) in Eq. (2.10).
In summary, we have shown that sl(2) construction
yields type AN -fold supersymmetry, which is defined
by the form of the supercharge (2.9). We find that
following set of conditions is sufficient for N = 1,2
and is necessary and sufficient forN  3:
(4.45)
V±N =
1
2
(
W 2 ±W ′)
+ N − 1
2
[
−EW + 2N − 1
6
E2 − N + 1
6
E′
±
(
W ′ − N
2
E′
)]
,
(4.46)(W˜ ′ +EW˜ )′′ −E(W˜ ′ +EW˜ )′ = 0,
(4.47)
(
d
dq
− 2E
)[(
E′ +E2)′′ −E(E′ +E2)′]= 0,
in place of Eqs. (2.10)–(2.12). We note that one may
conversely derive the sl(2) form from the above, by
solving these equations and defining P4,3,2(q) as in
Eqs. (4.28), (4.29) and (4.44), respectively.
We have found above that sl(2) construction con-
tains the original conditions Eqs. (2.10)–(2.12), but
gives a less-restrictive condition (4.47). This is ex-
plained by the fact that original conditions were ob-
tained by induction inN . In such an induction, we im-
plicitly assumed that E(q) and W(q) are independent
fromN . In our sl(2) construction,N -independence of
E(q) impliesN -independence of h(q) (assuming that
the coefficients c1 and c2 in Eq. (4.4) areN -independ-
ent as well) and thus of P4(q) through (4.28), which in
turn means N -independence of all the a-coefficients
in Eq. (4.24). Further, N -independence of W(q) im-
pliesN -independence of all four coefficients of h3,...,0
terms in P3(q) in Eq. (4.25). The N -independence of
coefficient of h3 term implies that
(4.48)a++ = 0,
while the latter three coefficients may be made N -in-
dependent by appropriate choice of the b-coefficients.
Using our identification (4.39), we find that the above
corresponds to β1 = 0, which, as seen in Eq. (4.36),
reproduces the type A condition (2.12). 3
3 Recently we have proven the conditions (4.45)–(4.47) by a
direct calculation. This proof will be published in near future.
266 H. Aoyama et al. / Physics Letters B 519 (2001) 260–268
5. Specific examples
In this section, we illustrate the correspondence be-
tween some specific examples of the type A potentials,
some of which appear in Ref. [28], and some of the
sl(2) models mentioned in Ref. [29].
In Ref. [29], for a quasi-solvable potential V (q) and
the Hamiltonian,
(5.1)H =−1
2
d2
dx2
+ 1
2
V (q),
the wave function can be written in the following form:
(5.2)ψ(q)= ϕ(z(q))e−g(q).
Therefore, by comparing (4.9) with (5.2), we suppose
the general relations among the two formalisms are
(5.3)h(q)= z(q),
(5.4)W(q)= d
dq
g(q).
We note that in the following we will write down
only the potential V −N (q). The other potential V
+
N (q)
can be constructed easily using the relation (4.32).
Throughout this analysis, we neglect constant terms
in the potentials.
5.1. Quadratic type
First, we consider the case of E = 0, which is
a trivial solution of Eq. (4.47). In this case, the
following quadraticW(q) and quartic potential V−N (q)
are obtained from Eqs. (4.45) and (4.46):
(5.5)W(q)= C1q2 +C2q +C3,
(5.6)
V −N (q)=
C21
2
q4 +C1C2q3 +
(
C22
2
+C1C3
)
q2
+ (C2C3 −NC1)q.
This type of quartic potential is not mentioned in
Ref. [29]. 4 However, we see easily that this example
is constructed from sl(2) generators. By transforming
H−N by U as (4.11) and setting h(q) = q , which is
4 This may be because this potential makes sense only perturba-
tively: the wave function is normalizable at any finite order of the
perturbation theory, but not at full order. Therefore, the obtained en-
ergy eigenvalues represent only the perturbative part [18,32].
consistent with E = 0 and Eq. (4.5), we get
H˜ −N =−
1
2
d2
dh2
+ (C1h2 +C2h+C3) d
dh
(5.7)−C1(N − 1)h.
This can be put into the bilinear and linear form of the
sl(2) generators:
(5.8)H˜ −N =−
1
2
(
J−
)2 +C1J+ +C2J 0 +C3J−.
This reproduces the form noted in Footnote 12 in
Ref. [3] with suitable choice of Ci .
5.2. Exponential and periodic type
Next, we take E = E0 (a nonzero constant), which
also trivially satisfies Eq. (4.47). In this case, we find
the following from Eqs. (4.45) and (4.46):
(5.9)W(q)= C1eE0q +C2e−E0q +C3,
(5.10)
V−N (q)=
C21
2
e2E0q + 1
2
C1
{
2C3 −E0(2N − 1)
}
eE0q
+ 1
2
C2(2C3 +E0)e−E0q + C
2
2
2
e−2E0q .
When E0 is chosen to be real, this exponential poten-
tial corresponds to the potential (I) in Ref. [29]. Fur-
thermore, when E0 is chosen to be complex and co-
efficients are appropriately chosen so that potential is
real, the above potential reproduces the potential (X)
in Ref. [29]. The potential and the wave function there
are as follows:
(5.11)
V (q)= a2e−2αq − a{2b+ α(2N − 1)}e−αq
+ c(2b− α)eαq + c2e2αq,
(5.12)
ϕ(q)=A0e−α(N−1)q +A1e−α(N−2)q + · · ·
+AN−1,
(5.13)g(q)= a
α
e−αq + bq + c
α
eαq,
(5.14)z(q)= e−αq.
Therefore, from Eqs. (4.5), (5.3) and (5.14), we obtain
the relation:
(5.15)E0 =−α.
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In addition, the relations of the other parameters are
determined from Eqs. (5.4), (5.9) and (5.13):
(5.16)C1 =−a, C2 = c, C3 = b,
and then the potential (5.10) equals to (5.11).
5.3. Cubic type
Furthermore, we consider a solution of (4.47), E =
1/q . In this case, we get the following W(q) and the
potential V −N (q) in the same way as above:
(5.17)W(q)= C1q3 +C2q +C3 1
q
,
(5.18)
V −N (q)=
C21
2
q6 +C1C2q4
+ 1
2
{
C22 − (4N − 1− 2C3)C1
}
q2
+ C3(C3 + 1)
2
1
q2
.
This sextic potential is equivalent to the potentials (VI)
and (VII) in Ref. [29]. The potentials and the wave
functions 5 are given by the following:
(5.19)
V (q)= a2q6 + 2abq4 + {b2 − (4N − 1 − 2c)a}q2
+ c(c+ 1) 1
q2
,
(5.20)
ϕ(q)=A0
(
q2
)N−1 +A1(q2)N−2 + · · · +AN−1,
(5.21)g(q)= a
4
q4 + b
2
q2 + c lnq,
(5.22)z(q)= q2.
Therefore, from (5.4), (5.17) and (5.21), the relations
of the parameters are determined as follows:
(5.23)C1 = a, C2 = b, C3 = c.
Under these relations, the potential (5.18) equals to the
potential (5.19). Note that E = 1/q is consistent with
Eqs. (4.5), (5.3) and (5.22).
5 The potential and the wave function are originally given as an
example of the spherically symmetric quasi-solvable models. As we
are discussing one-dimensional potentials here, we set d = 1 and
l = 0.
5.4. Hyperbolic type
At the end of this section, we consider another
solution of Eq. (4.47),
(5.24)E = α
(
1
coshαq sinhαq
− 2 tanhαq
)
.
In this case, the following W(q) and the potential
V−N (q) are obtained:
(5.25)
W(q)= C1
coshαq sinhαq
+C2 coshαq sinhαq
+C3 tanhαq,
V−N (q)
= C
2
2
2
cosh4 αq −C2
(
C2
2
−C3 + α
)
cosh2 αq
−
[
C23
2
−C1C3 − α(2N − 1)
{
C1 − (N − 1)α
}
+ C3
2
α(4N − 3)
]
1
cosh2 αq
(5.26)+ C1
2
(C1 + α) 1
cosh2 αq sinh2 αq
.
This type of hyperbolic potential corresponds to the
potential (IV) in Ref. [29]. The potential and wave
function are
(5.27)
V (q)= c2 cosh4 αq − c(c+ 2α− 2a) cosh2 αq
− {a(a+α)+αk(αk+α + 2a)}cosh−2 αq,
(5.28)
ϕ(q)=Ak tanhk αq +Ak−1 tanhk−1 αq + · · · +A0,
(5.29)g(q)= c
4α
cosh 2αq + a
α
ln coshαq,
(5.30)z(q)= cosh−2 αq,
where N = [k/2] + 1. Also, Ai=odd = 0 for even k
and Ai=even = 0 for odd k. The solution (5.24) is
consistent with Eqs. (4.5), (5.3) and (5.30), and we
get the following relations from Eqs. (5.4), (5.25)
and (5.29) for even k:
(5.31)C1 = 0, C2 = c, C3 = a.
When these relations hold, the potential (5.26) equals
to the potential (5.27). For odd k, we modify Eq. (5.4)
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as,
(5.32)W(q)= d
dq
g(q)− α
coshαq sinhαq
,
to find that the relations,
(5.33)C1 =−α, C2 = c, C3 = a,
reproduce the potential and the wave function.
We note that some other models are also known,
notably ones with E = −3/q and E = α/ tan(αq).
All of those models and some other new models we
have found recently will be discussed in a separate
literature.
6. Summary
In this Letter we have shown that by quasi-solv-
ability considerations sl(2) emerges naturally and
N -fold supersymmetry can be constructed by the use
of sl(2) generators. This is done by first constructing
the kernel space of the supercharge PN of the type A
form (2.9) and then showing that the Hamiltonian that
leave the kernel invariant is always written in terms
of sl(2) generators as Eq. (4.22). By requiring that this
Hamiltonian induces the canonical form (2.3), we have
obtained a condition (4.47) on E(q), a relation (4.46)
between E(q) and W(q), and have found a expres-
sion (4.45) of the potentials V ±N (q) in terms of E(q)
and W(q). These equations are more general than the
previously obtained Eqs. (2.10)–(2.12) and are neces-
sary and sufficient for type A N -fold supersymmetry.
We have also examined explicitly known models in the
light of the sl(2) construction.
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